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Abstract

The projection of a vector onto a closed non-empty subset of a Euclidean space
is a point in the subset that is closest to the vector in the Euclidean norm. If
the subset is convex, this closest point is unique. If the subset is a subspace, the
projection is a linear map, namely the orthogonal projection onto the subspace.
In machine learning (ML), projections enforce constraints on model parameters
during training: projected gradient descent (projected GD) alternates gradient
steps with projections onto the constraint set, e.g., the £1-ball in an equivalent
formulation of the least absolute shrinkage and selection operator (Lasso).

Definition

Consider a closed non-empty subset W C R? of the d-dimensional Euclidean
space. The projection Py, (w) of a vector w € R? onto W is defined as

Py (w) = argmin|lw — w'[[,.
w'ew

In other words, Py (w) is a vector in W that is closest to w. The above
minimum exists for every closed non-empty subset W; if W is also convex, the
closest point is unique (Boyd and Vandenberghe, 2004). If W is a subspace, the
map w — Py (w) is linear: it is the orthogonal projection onto W.

In machine learning (ML), projections are used to enforce constraints on
model parameters during training. As a case in point, consider linear regression
with the constraint ||w||; < 7, which is an equivalent formulation of the least
absolute shrinkage and selection operator (Lasso) (Tibshirani, 1996). This con-
strained problem can be solved by projected gradient descent (projected GD):
each iteration takes a gradient step and then projects the result onto the ¢;-ball
W= {w eR*:|w'||; <7}. Since the ¢1-ball is not a subspace, this projection
is not a linear map (see Fig. .
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Figure 1: Projection of a vector w € R? onto the f;-ball W = {W’ € R?:
|w'|l; < 7}. The projection Py (w) is the point of W closest to w in the
Euclidean norm
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