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Abstract

Principal component analysis (PCA) is a dimensionality reduction method that
maps the feature vectors x € R? of a dataset to shorter vectors z = Wx € R
by a linear feature transformation. The matrix W is chosen so that the original
feature vectors can be reconstructed from z by a linear map with the minimum
sum of squared errors over the dataset. The rows of the optimal W are the
eigenvectors of the sample covariance matrix of the centered feature vectors
that belong to its d’ largest eigenvalues, so PCA is computed by an eigenvalue
decomposition (EVD). PCA is a form of empirical risk minimization (ERM)
with the squared reconstruction error as loss, and an autoencoder with linear
encoder and decoder learns the same subspace. A typical application is the
visualization of a dataset with thousands of features in a scatterplot of its first
two principal components.

Definition

Consider a dataset
D= {x(l), ce x(m)}

consisting of data points characterized by feature vectors x(") € R for r =
1, ..., m. PCA determines, for a given number d’ < d, a linear feature trans-
formation

W) R 5 RY x5 Wx

such that the new feature vectors z(") = Wx (") allow reconstructing the original
features with minimum linear reconstruction error (Bishop, 2006; Hastie et al.,
2009; Jung, 2022):
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PCA can be viewed as a form of empirical risk minimization (ERM) using the
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loss function L (x, W) = HX — RWXH with a reconstruction matrix R that
2
achieves the above minimum reconstruction error. It turns out that this ERM
problem can be solved by a matrix W = (u(l)7 G )) whose rows are given
by d’ eigenvectors corresponding to the d’ largest eigenvalues of the matrix:
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Note that Q coincides with the sample covariance matrix of D if its sample mean
vanishes. The positive semi-definite (psd) matrix Q allows for an eigenvalue
decomposition (EVD) of the following form (Horn and Johnson, 2013; Meyer,
2000):

T
d A1 0 (u(l))

Z Aul® u(d) — (u(l) u(d)) _ :

i=1 0 M)\ (u@) "

This decomposition consists of decreasing nonnegative eigenvalues A\; > Ay >
. > Ag > 0 and corresponding eigenvectors u®, ..., u(® that form an or-

thonormal basis of R?. A common application is visualizing high-dimensional

gene expression data by projecting thousands of measured gene activities onto

two or three principal components that capture the dominant sources of varia-
tion.
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