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Abstract

A matrix is a rectangular array of numbers arranged in rows and columns. The
entry Ar,j of a matrix A ∈ Rm×d sits in row r and column j. A prominent
example in machine learning (ML) is the feature matrix of a dataset, obtained
by stacking the feature vectors of m data points row-wise. A matrix represents
several distinct mathematical objects: a system of linear equations, such as the
normal equations of linear regression; a linear map between two vector spaces,
after fixing a basis for each; or a tabular dataset with one row per data point
and one column per feature. Matrices are the two-dimensional special case of
an array.

Definition

Consider a tabular dataset of m data points, each described by d numerical
features. Stacking the feature vectors row-wise produces an m × d rectangular
array of numbers. This two-dimensional numeric array is referred to as the
feature matrix X of the dataset.

More generally, a matrix of size m×d is a two-dimensional array of numbers
denoted by

A =


A1,1 A1,2 . . . A1,d

A2,1 A2,2 . . . A2,d

...
...

. . .
...

Am,1 Am,2 . . . Am,d

 ∈ Rm×d.

Here, Ar,j denotes the matrix entry in the r-th row and the j-th column. Ma-
trices are the two-dimensional special case of the more general array.

Matrices represent several distinct mathematical objects (Strang, 2016), in-
cluding the following:

• Systems of linear equations: A matrix can represent a system of linear
equations (

A1,1 A1,2

A2,1 A2,2

)(
w1

w2

)
=

(
y1
y2

)
compactly as Aw = y.

One important example is the normal equations X⊤Xw = X⊤y that give
the optimal model parameters in linear regression.
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• Linear maps: Consider two vector spaces U and V, of dimension d and m,
respectively. Fixing a basis u(1), . . . , u(d) for U and a basis v(1), . . . , v(m)

for V, each matrix A ∈ Rm×d naturally defines a linear map α : U → V
(see Fig. 1) such that

u(j) 7→
m∑
r=1

Ar,jv
(r).

• Datasets: as in the opening example, a matrix can represent a dataset:
each row a single data point, each column a specific feature or label.
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Figure 1: Matrix A defining a linear map between two vector spaces
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