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Abstract

Many machine learning (ML) applications involve data points whose features
form numeric arrays. Examples include the color intensities of image pixels and
the amplitudes at regular intervals of a sensor signal. Another example is the
embeddings of tokens used by large language models (LLMs). These numeric
arrays can be naturally represented by vectors in some vector space. Many ML
methods rely on measuring the similarity between vectors that represent data
points. Each neuron of an artificial neural network (ANN) matches its input
against a learned template. The attention unit of an LLM compares the query
vector of a token with the key vector of another token. An inner product is a
precise mathematical formalization of a notion of similarity between two vectors
in a vector space.

Definition

Consider a vector space V over the field of real numbers R. An inner product
in V is a function

⟨·, ·⟩ : V × V → R

that satisfies the following properties for all u,v,w ∈ V and all scalars β ∈ R
(Axler, 2015, Ch. 6):

• Symmetry: ⟨u,v⟩ = ⟨v,u⟩;

• Linearity in the first argument: ⟨βu+w,v⟩ = β⟨u,v⟩+ ⟨w,v⟩;

• Positive-definiteness: ⟨u,u⟩ ≥ 0, with equality if and only if u = 0.

For a vector space over the field of complex numbers C, symmetry is replaced
by conjugate symmetry, ⟨u,v⟩ = ⟨v,u⟩, while linearity in the first argument
is retained; the inner product is then conjugate-linear in the second argument
(Axler, 2015, Ch. 6). Two vectors u,v ∈ V are called orthogonal if their inner
product is zero, ⟨u,v⟩ = 0. The pair (V, ⟨·, ·⟩) is called an inner product space.
Each inner product induces a norm via ∥u∥ :=

√
⟨u,u⟩ for all u ∈ V, which in

turn induces a metric via d(u,v) := ∥u− v∥ for all u,v ∈ V.

1

mailto:alex.jung@aalto.fi


For the Euclidean space V = Rd, the standard inner product, also called
the dot product, is ⟨x,x′⟩ = x⊤x′ =

∑d
j=1 xjx

′
j (Strang, 2016, Sect. 1.2). Geo-

metrically, the inner product determines orthogonal projections: the orthogonal
projection of x′ onto the direction of a nonzero vector x has the signed length
⟨x,x′⟩/∥x∥ (Axler, 2015, Ch. 6) (see Fig. 1).

The inner product also defines the angle θ between two nonzero vectors
x,x′ ∈ Rd, via cos θ := ⟨x,x′⟩/

(
∥x∥∥x′∥

)
. The Cauchy-Schwarz inequality

ensures that this ratio lies in [−1, 1] (Axler, 2015, Ch. 6). For the Euclidean
plane R2, the angle defined in this way agrees with the elementary geometric
angle between the two vectors (Strang, 2016, Sect. 1.2).

It is important to note that there are also other choices for an inner product
on the Euclidean space Rd (Axler, 2015, Ch. 6). As a case in point, each
symmetric and positive definite matrix A ∈ Rd×d induces an inner product
⟨x,x′⟩ := x⊤Ax′. Different choices of an inner product result in different notions
of similarity and, in turn, different notions of nearest neighbors (a numerical
example is given in pythondemos/innerproduct.py).
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Figure 1: Geometry of the standard inner product in the Euclidean space
R2: the orthogonal projection of x′ onto the direction of x has the signed
length ⟨x,x′⟩/∥x∥. The angle θ between the two vectors is defined via cos θ :=
⟨x,x′⟩/

(
∥x∥∥x′∥

)
. The inner product measures the alignment of the two vectors

and vanishes when they are orthogonal

Fig. 2 illustrates inner products between feature vectors in R2 that represent
five European cities. Each city is characterized by its latitude and longitude as
its two features.
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Figure 2: Five European cities, each represented by a feature vector x =
(x1, x2)

⊤ ∈ R2 with latitude x1 and longitude x2 as features. Each city is drawn
at the vector x1u+ x2v (filled markers) for a fixed orthonormal pair u,v ∈ R2,
chosen such that the vector of Helsinki (thick arrow) lies on the horizontal line
and the other cities lie above it. The drawn arrows are therefore not the feature
vectors (x1, x2)

⊤ themselves. However, since u,v are orthonormal, the inner
product of two vectors equals the standard inner product of the correspond-
ing feature vectors, ⟨x1u + x2v, x

′
1u + x′

2v⟩ = x1x
′
1 + x2x

′
2. Each dashed ruler

projects the vector of a city orthogonally onto the Helsinki vector. The open
circles mark the resulting orthogonal projections. City coordinates retrieved
from OpenStreetMap; positions computed by pythondemos/innerproduct.py

An inner product also gives rise to the notion of an orthonormal basis: a basis
b(1), . . . ,b(d) of a vector space V of dimension d is orthonormal if its elements
are pairwise orthogonal and have unit norm, ⟨b(j),b(j′)⟩ = 0 for j ̸= j′ and
⟨b(j),b(j)⟩ = 1 (Axler, 2015, Ch. 6). The coordinates of a vector with respect

to an orthonormal basis are delivered by inner products: u =
∑d

j=1 βjb
(j)

with expansion coefficients βj = ⟨u,b(j)⟩. Conversely, an inner product can be
defined by declaring a basis orthonormal: given any basis b(1), . . . ,b(d) of V,
setting

⟨u,v⟩ :=
d∑

j=1

βjβ
′
j for u =

d∑
j=1

βjb
(j) and v =

d∑
j=1

β′
jb

(j)

yields the unique inner product for which this basis is orthonormal. The stan-
dard inner product of the Euclidean space arises in this way from the standard
basis given by the columns of the identity matrix Id.

In machine learning (ML), an inner product serves as a measure of similarity.
An embedding encodes the meaning of a text block as a vector in a vector space.
The alignment of two text blocks is measured by an inner product of their
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corresponding embeddings (Goodfellow et al., 2016, Sect. 15.4). Each neuron
of an artificial neural network (ANN) matches its input vector against a vector
of learned model parameters (Goodfellow et al., 2016, Ch. 6). Attention scores
in a large language model (LLM) are scaled inner products between query and
key vectors (Vaswani et al., 2017).

These examples share a common pattern: many ML methods access the
feature vectors of data points only through inner products. For a linear model,
each hypothesis is of the form

h(x) = ⟨w,x⟩,

which is the same template matching that a neuron applies to its input. The
empirical risk minimization (ERM) objective function, the average loss on a
training set D(train) =

{(
x(r), y(r)

)}m

r=1
, therefore depends on the feature vec-

tors only through the inner products ⟨w,x(r)⟩. A linear classifier such as the
support vector machine (SVM) computes its prediction from the inner product
⟨w,x⟩ between the model parameters and the feature vector, and kernel methods
extend linear models to arbitrary feature spaces by evaluating inner products
between transformed feature vectors via a kernel (Schölkopf and Smola, 2002).
For all these ML methods, the choice of the inner product determines the notion
of similarity in use and, in turn, the hypothesis learned from a training set.

Cross References

field, norm, vector, Hilbert space, orthogonality condition, metric space, Eu-
clidean space, Cauchy-Schwarz inequality, kernel, neuron, attention, PCA, k-
NN
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