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Abstract

Generalization is the ability of a machine learning (ML) method to make accu-
rate predictions on data points that have not been used during training. Many
ML methods implement training via empirical risk minimization (ERM), i.e.,

learning a hypothesis ĥ that minimizes the empirical risk on the training set
D(train). The learned ĥ is then used to compute predictions on new data points
outside D(train). A probabilistic model for data generation quantifies the pre-
diction errors beyond D(train) via the risk of ĥ, i.e., the expected loss incurred
on a new randomly chosen data point. The difference between the risk and the
empirical risk is the generalization gap. A complementary deterministic view
characterizes generalization via the robustness of ĥ to small perturbations of
the features of a data point.

Definition

A weather forecaster trained on past data is useful only if its predictions are
accurate on future unseen data points. Generalization refers to the ability of a
learned hypothesis ĥ to make similarly accurate predictions on data points that
have not been used during training. It is the central goal of machine learning
(ML): learning patterns in the features and labels of data points that extend
beyond the training set.

The canonical learning technique is empirical risk minimization (ERM): the

machine learning system (ML system) obtains ĥ ∈ H by minimizing the empir-
ical risk on the training set D(train). A low empirical risk on D(train) does not
guarantee accurate predictions on data points outside D(train). Online learning
and Bayesian inference face the same generalization challenge.

Studying generalization mathematically requires formalizing the notion of
unseen data points. A widely used approach is to assume a probabilistic model
for the generation of data points, such as the independent and identically dis-
tributed assumption (i.i.d. assumption). Here, data points are interpreted as
independent random variables (RVs) with an identical, fixed but unknown, prob-
ability distribution P. Fig. 1 sketches this setup: the shaded ellipse depicts the
region of typical data points under P, and the two large filled circles are the
data points of the training set that ERM fits with the learned hypothesis ĥ.
The risk of ĥ is the expected loss:

L̄
(
ĥ
)
= E

{
L
(
z, ĥ

)}
.
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The difference L̄
(
ĥ
)
− L̂

(
ĥ|D(train)

)
is the generalization gap.
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Figure 1: Two data points z(1), z(2) used as a training set to learn a hypothesis
ĥ via ERM. The shaded ellipse marks the region of typical data points under
an assumed probability distribution P

For any fixed hypothesis h ∈ H, L̄
(
h
)
is a deterministic number that depends

only on h and P, whereas L̂
(
h|D(train)

)
is an RV that depends on D(train), which,

in turn, is a realization of an independent and identically distributed (i.i.d.)
sequence of RVs z(1), . . . , z(m) ∼ P. Bounding the generalization gap therefore
means controlling the probability of the (undesirable) event

E(h) :=
{
D(train) :

∣∣L̂(h|D(train)
)
− L̄

(
h
)∣∣ > ε

}
,

where ε > 0 is a user-specified tolerance for the generalization gap. Each h ∈
H defines a different event E(h) (see Fig. 2), and generalization requires low
probability of E(h) uniformly over H (Bishop, 2006, Sect. 1.5; Shalev-Shwartz
and Ben-David, 2014, Ch. 4).
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Figure 2: Consider an ML application with feature space X = R and label space
Y = R. A training set of size m is a point in the sample space (R × R)m of
all possible training sets of size m (the outer region). Each hypothesis h ∈ H
defines an event E(h) ⊆ (R × R)m (an inner region) collecting those training
sets on which h fails to generalize. Ensuring that the ML method is likely to
generalize requires the union

⋃
h∈H E(h) to have low probability, not just each

individual E(h)

Probability theory is not the only route to generalization. A complementary
deterministic approach uses robustness: a good hypothesis ĥ should not change
its prediction ĥ(x) much if the features x of a data point z are slightly perturbed.
For example, an object detection system trained on smartphone photos should
still detect the object even if a single pixel is changed (Su et al., 2019), and
it should deliver the same result if the object in the image is rotated (Mallat,
2016). The arrows in Fig. 1 indicate small perturbations of each data point in
the training set of an ML method.
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